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Abstract

Let (Xu)s>1 be a sequence of real random variables. The local score is H, =maxXi<i<j<s (Xi+
<-4 Xp). If (Xu)n=1 is a “good” Markov chain under its invariant measure, the JX; are centered,
we prove that H,/\/n converges in distribution to Bf when n — +oc0, where B} =maxo<u<1 |Bu|
and (By,u > 0) is a standard Brownian motion, By = 0. If (X, ),>1 a sequence of i.i.d. random
variables, E(X;) = d/+/n and Var(X;) = ¢*> > 0, we prove the convergence of H,/\/n to &g
where &, = maxo<u<i {(B(u) + yu) — mino<s<u(B(s) + ps)}. We approximate the probability
distribution function of £, and we determine the asymptotic behavior of P(&, > a), a — +o0.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
1.1. Known results

Let (X,)s>1 be a sequence of real-valued random variables. Let S, = ZZ:] X,
So = 0, the associated random walk. Let H, = maxo<;<;<x (S; —S;) be the local score
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assigned to (X,),>i. The aim of this paper is to study the asymptotic behavior of
H, when n — 400, (X,),>1 being either a sequence of i.i.d. random variables or a
Markov chain.

The motivations come from biology. The local score is an important tool for DNA
sequences analysis. Since the length of DNA is large, the knowledge of the limit
behavior of H, is actually useful.

Some authors have already studied the local score. In a context of queue theory,
Iglehart (1972) has investigated the convergence of random variables (i.e. virtual wait-
ing time) which looks like the local score.

When (X,),>1 is a sequence of i.i.d. rv’s, Daudin and Mercier (1999) have obtained
P(H, <x), for any x >0 and n > 1. Let II be a transition matrix of size x, Py =
(1,0,...,0), and P, =(0,0,...,1). Then P(H, < x)= PoII"P,. In practice, this result
is computationally available if » and x are not too large.

When the X; are i.i.d. rv’s with E(X;) < 0, Dembo and Karlin (1992) have investi-
gated the asymptotic behavior of H,. More precisely, they proved

1
lim_P (H,, < % +x> — exp(—K* exp(—ix)), (1.1)
where K* and A depend only on the probability distribution of Xj.

When the X; are i.i.d. with E(X7) > 0, the behavior of H,, is drastically different. The
strong law of large numbers implies S, ~ E(X7)n. Obviously, H,=max;<, Y;, where
Y; =§; — min;¢; S;. Since lim,_, ;. S, = +oo as., then —(min;<,S;) converges a.s.
to a finite r.v., when n goes to infinity. So Y; ~ S; and H, ~ [E(X;)n. Therefore,

Jj—too n oo

—+

E(X;) is the parameter which governs a phas'e transition phenomenon.

1.2. Main results

Here we investigate the case where (X;);> is a sequence of r.v’s with null or “small”
expectation.

We start with the centered case. We suppose that (X,),> is either a sequence of
centered i.i.d. r.v’s with variance ¢> > 0 or a “good” Markov centered chain under its
invariant probability with parameter o (see the details in Section 2). In this context,
we prove that

H, () "
\/ﬁn—:-)ooo- 1 (12)

where B} =maxo<,<1 |By|, and (B,,u > 0) denotes a standard Brownian motion started
at 0.

The distribution function of B} is defined as a series (cf. Proposition 2).

Consider a family {(X]gN))k;];N > 1} of ii.d. r.v’s depending on a parameter N
and assume that

Jlim VNEXM)=6€eR, lim var(x™) = % > 0. (1.3)
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If the sequence (X;)r>1 does not depend on N, then (1.3) implies that E(X;) =0 and
Var(X;) = ¢%. So we obtain the centered case as an instance of the general one.
Eq. (1.3) implies that E(X")) — 0, when N — cc.
We prove in Proposition 5 that
oY
—= = d&ss, 1.4
VN oo’ 20 (1.4)
where é'y = maXO<u<1{B(u) +yu — ming<s<u (B(s) + VS)}~
Let us summarize the different asymptotic behavior of H,, n going to infinity.

If E(X,) < 0, following Dembo and Karlin (1992), the distribution of H, is approx-
imated by the law of Inn/l + n where 5 is a r.v. whose c.d.f. is

P(y < x) =exp(—K*exp(—4Ax)), x=0.

If E(X,) > 0, H, is a.s. equivalent to E(X))n.

If E(X;) =0, the p.d.f. of H, can be approximated by the p.d.f. of (¢B])\/n.
Suppose that X; has a finite variance ¢ and E(X;) is “small” such that 6 =+/nE(X)).
This means that we can find » in a such way that \/nE(X]) is bounded by a constant.
We obtain an approximation of the p.d.f. of H, by the p.d.f. of (a&s5)v/n.

Numerical results about the scope of validity of each approximation is given in Chapter
5 of Etienne (2002).

1.3. More about the p.d.f. of ¢,

The distribution function of ¢, is difficult to obtain explicitly. We prove that for any
fixed a > 0, P(&, > a) is the sum of a series (cf. Theorem 9).

Let
(1) = max. {B(u) +yu— min (B(s)+ ys>} , 120 (1.5)
and
T, =inf {t >0; B(t)+ yt — Ogjlét(B(s) + ps) > a} , a>0. (1.6)

Obviously &, = ¢&,(1).
Taylor (1975) and Williams (1976) have determined the Laplace transform of 7,:

vel?

Ele=*T/?] = 2> 0, (1.7)

vcosh va + ysinh va’

where v= /12 4+ 2.

The distribution of T, and (,(¢),¢ > 0) are linked by the relation

P(T, < t)=P(&(1) >a), Vi>0. (1.8)
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Suppose that « is a r.v. independent of (B,,¢ > 0) with exponential distribution, then

P(&(x) > a)=P(T, <o) =E[e "], Va>0. (1.9)
Therefore the p.d.f. of &,(a) is explicit:
ya
1= P(&(2) <a)= e Va > 0. (1.10)

vcosh va + ysinh va’
1.4. Tail behavior of &,

The distribution of ¢, is not easy to handle. So we investigate the tail of £,. We
prove (cf. Theorem 4):

21
P&, > a)a:wz\/; - e (a2, (1.11)

We observe that a — P(&, > a) decreases faster to 0, when y < 0. This seems natural
since B, + yt goes to oo (resp. —oo) when y > 0 (resp. y < 0) and ¢ — +oc0.
This remark is connected to the phase transition associated with the sign of E(X).

1.5. Organization of the paper

In Section 2, we study the convergence of H, when n goes to infinity and E(X;)=0.
In Section 3, we investigate the asymptotic behavior of H, when E(X;) depends on
N. We state the results and detail only short proofs. The more technical proofs are
postponed in Section 4.

2. Convergence of the local score in the centered case

Let (X,),>1 be a sequence of real-valued random variables. (Si);>¢ denotes the
associated random walk:

k
So=0. Si=> X. k=1 (2.1)
i=1

Let H, denote the local score

Hy= max (S;—S)= max (X + - +X). (2.2)
0<i<j<n 0<igj<n
We define the sequence of score processes (H))y-; which are piecewise linear
processes:
NV e 1 . Jj Jj+1
t — HYW(t) is linear on each interval of the form N; |

. 1 (2.3)
W (LN Ly
" <N)\/NH'"
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In this section the sequence (X, ),> will be either a sequence of i.i.d. centered variables
with finite second moment or a stationary and irreducible Markov chain on a finite
subset of R. In the first case we set ¢ = Var(X;), in the second one we suppose that
E,(X;)=0 and

o® =E(X7) +2)  E(XiXp), (2.4)
k=2

where v is the invariant distribution of (X, ),>¢-
o2 is well defined for series (2.4) is convergent (Billingsley, 1968, p. 166).
We are now able to state the main result of this section:

Theorem 1. Let (X,),>1 be a sequence of random variables as above.
Then the sequence of processes (HN)(t), t = 0) converges in law to the process
(6 maxg<y<s |Bul,s = 0), as N tends to infinity.

Proof. We just outline the proof, the complete developments are given in Section 4.1.
Let BY) be the piecewise linear process defined by

k 1
B™) () = Sk, k=0 2.5
¥)= TS 25)
and
t+— B™)(t) is linear on each interval of the form [k/N,(k + 1)/N]. (2.6)

It is well known (Billingsley, 1968) that (B)(s),s > 0) converges to the standard
Brownian motion. We easily check that (H®)(s),s > 0) may be approached by a
continuous function of (B™)(s),s = 0) up to a remainder term Ry which converges
to 0. According to Paul Levy’s theorem (1948, Revuz and Yor, 1991, Chapter II,
Theorem 2.3) the process (B, — ming<s<; Bs; ¢ = 0) has the same law as the process
(|B¢]; t = 0). This completes the outline of the proof of Theorem 1. [J

An important application of Theorem 1 is the convergence of the local score:

Proposition 2. (1) H,/\/n converges in distribution, as n — oo, to By, where B} =
maxo<u<i (|Bul)-
(2) The cumulative distribution function (c.d.f.) of B} is

1 2% + 1)
P(BF < x) Z§k+)1 (—(ngz)”) x>0 (2.7)

Proof. Theorem 1 implies the convergence in law of the random variable H,//n:
H,

i

0 (1)< s
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Equality (2.7) is well known and may be deduced from Borodin and Salminen (1996,
p. 146) see 4.6 by a short calculus. [

Remark 3. Theorem 1 implies the convergence of T,(H)/a’, as a tends to infinity,
where T,(H)=inf{k > 0; H; > a}, a > 0. Given a € R", then
() @ 1
a2 a—oo g2 (Bik)z'

(2.8)

Proof. H; is a non-decreasing process, so

{TX‘/Z(H) < t} C {b\{/[]]vv’] >x}

Hing -1 T, w(H) }
(s ) (g )

We know also that Hyyg—1/v/N and Hpyy/v/N have the same limit: ov/¢B%. Then

T 2
xvN * _ X
P ( N < t) NjOOIP(o—\ﬂBI >x)=P (02 B7 < z) . (2.9)

and

Let a =xv/N, (2.8) follows immediately. [

3. Convergence in the non-centered case

(1) (Bs; t = 0) denote a standard Brownian motion starting at 0. In this section we
suppose that (X,),>0 is a sequence of i.i.d. random variables and that the law of X,
depends upon N, N being the order of approximation. More precisely, we assume

Jim Var(x;) = o’ >0, Jlim VNEX;)=0€eR. (3.1)

It is easy to prove (cf. Proposition 5) that Hy/v/N converges in distribution, when N
goes to infinity, to ¢&;/,, where

0<u<l

&, = max {B(u) + yu — 0min (B(s) + ys)} . (3.2)
<s<Su
In the sequel we focus on the law of &,. It is convenient to introduce
¢V (a)=e""P(¢, >a), a=0. (3.3)

Let us briefly detail our approach. We state the main result (Theorem 4) at the end of
the subsection.

In Section 2 we have determined the distribution of ¢, when y=0. This brings us to
remove the drift term, using Girsanov’s transformation. Using the pathwise properties
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of Brownian motion we prove that (cf. Proposition 6 and Theorem 7):

i 1 )
¢ (a) =~ / Lgu<ry exp{—yt — u/2} pua()F (1 — u, 1a)duds,  (3.4)
a J10,+o00[?

where F, ,m can be expressed as an expectation of a positive r.v.:
- 2
F(nb) = E(lgo<o <x, 0z <impe 7). x 20, 6>0, 120, (3.5)
The two random variables 7, and B; are defined as follows:

e 7, is the first time where the local time at 0 of Brownian motion (B,,u > 0) reaches
level ¢,
e (B;,t = 0) is the process: B = supy, <, |Bul-

For any positive number a, the function y, is known (cf. (3.16) and (3.17)).

This allows us to obtain the joint distribution of (z,, B}).

The decomposition of the Brownian path up to time 7, (namely (B,;0 < u < 1)),
conditionally to B} leads to some recursive structure. This generates two analytic coun-
terparts.

e The density function 0, of (z,B;) satisfies an integral equation (Proposition 10).
e F7 is solution of an integral equation (cf. (3.20)).

Moreover, relation (3.20) yields to express Ft(”) as sum of a series (Theorem 9).
Unfortunately, the coefficients are not explicit and are determined by a recursive algo-
rithm.

However relation (3.20) is rich enough since we determine the decay rate of
a— P(& > a), a — oo. More precisely

Theorem 4. For all y in R:

2 a1 21 v
P&, >a) ~ z\fefﬂew 02/2—2\/7e (=ar/2, (3.6)
a— 00 TT a T da

Two proofs of Theorem 4 will be given. The first one is a consequence of Theorem
7 and is postponed in Section 4.4. The second one suggested by the referee will be
developed at the end of this section.

(2) We now prove the main results of this section (Theorems 7 and 9).

Only short and easy proofs are given here, the more technical points are postponed
in Section 4.

Recall that (X,),>0 will denote a sequence of i.i.d. random variables such that the
law of X; depends upon a parameter N. We suppose that (3.1) holds. For instance,
we can choose

1

2 2

‘ o

1
POG=1)=py =5 +

0
—— and PX;=-1)=¢gy=

e



8 J.-J. Daudin et al. | Stochastic Processes and their Applications 107 (2003) 1-28

for N large enough so that |§/v/N| < 1. Then

0 &
E(Xy) = — =—— and Var(Xj))=1- —.
X)) =pv —qn Vi (X1) v
We set ay = E(X;). Define BY) as
k 1
B(N)(>: — (S, Sy —kay), k=0 3.7
N O'\/N( (k)) \/*( k — CIN) ( )
and

(3.8)

k k+1
N N |

t — BW)(¢) is linear on each interval of the form [

The process (H™)(¢),t > 0) is defined by the same procedure as in the centered case,
i.e. expression (2.3). It can be shown (Billingsley, 1968, p. 68) that (BN)(¢),t > 0)
converges in distribution to (B(¢),t = 0). (H™")(¢),t > 0) is a continuous functional of
(BM(t),t > 0), this implies the convergence of Hyyg/v/N.

Proposition 5. (1) Let t > 0. As N tends to o,

T

vg L gy W@ .
\/N \/7 <T?)<( ] (Sj Sl) - O-éc)/a'(t):
where
&(1) = max {B(u) +yu— min (B(s) + vs)} : (3.9)

(2) In particular H,/\/n converges in distribution, as n — oo, to a&s,, where &, =

)
Proof. See Section 4.2 for a complete proof. [

Remark. The classical scaling property of Brownian motion (i.e. (Bg;s = 0)(d—)

(ﬁBS/,;s > 0), for any ¢ > 0) implies that
fy(t)(i)\ﬂév\ﬂ, for any ¢ > 0. (3.10)

This allows us to obtain the distribution of &,.

Proposition 6. For all a >0 and y € R, we set
dV(a)=e""P(E, > a). (3.11)
Then

" 12 *
¢(,)(a) =F [ﬂ{rz+n<1} exp {—yZ — %(‘CZ + Ta)} \BTZ < a] , YER, (3.12)
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where

e 17, denotes the first time where the local time at 0 of Brownian motion (Bt = 0)
reaches t,

o T, is the first time where a Bessel process of dimension 3, starting at 0, hits a,

e Z is an exponential random variable of parameter a (i.e. its density function is

(1/a)e ™ I 0y)-
e (B;;u>=0) is the process: By =supy< ., |Bs|, u = 0.
e for any a >0, (By; t =0), Z and T, are independent.

Proof. We make use, on one hand, of Girsanov’s transformation to reduce to the
Brownian case and, on second hand, of some sample path properties. See Section
43. 0O

We only need to handle ¢"). However ¢ is equal to (;Sf,y), the function ¢gy) being
defined as follows:

\ 22 .
¢E1/)(a) =L {ll{rﬁfad} exp {yZ — ?(rz + Ta)}‘Brz < a] , LeR. (3.13)

In our approach it is not more difficult to deal with 4)5}) instead of ().
Formula (3.12) gives a simple stochastic interpretation of d)(f) , but we have to express

(;5(] ) under a more convenient form for computation purpose.
The analytic transcription of (3.12) is the following:

Theorem 7. Let . € R be fixed, then for any a >0

1

Pa)=- /[0 RITEIE Puf2} i) F{O(1 = u, 1/a) duds,  (3.14)
,+00

where
FO06b) = E(l{g<r,<x. 0z <impe ™ ), x>0, b>0, 130 (3.15)

and , is the density function of T,:

1
w0 = — w1 () (3.16)
and
o 5 (1 + 2k)> (1 + 2k)?

Furthermore p; may be expressed as (Biane et al., 2001, p. 8 and 24):

d > 2.2
— _1)le— (T n)/2
(=4 > (—1ye o, (3.18)

n=—oo
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Remark 8. Let 7 = inf{t >0, |B,| > a}. LY. is an exponential random variable of
parameter a.
Since {B; < a}={L}. >}, obviously P(B; <a)=c"".

Proof of Theorem 7. The random variables involved in Eq. (3.12) being independent,
we have

Y 1 —yt—(? Ttu * —tja
¢y><a):; / ZE[n{Wd}e( NEREE| B < @l (u)e " dudt,  (3.19)
[0,400[

where pu, denotes the density function of 7.
Using Remark 8, Eq. (3.14) follows immediately. [J

We focus our attention on F,()'). The decomposition of the Brownian path (B,,0 <
u < 1;), conditionally to B; leads to some recursive structure. This has an analytic

consequence: Ft()‘) is solution of an integral equation.

Theorem 9. Let LR and t = 0 be two fixed parameters.
(1) FD satisfies the integral equation
Fx,a) = FP(x,0) — (APFPY(x,0),  (x,0)€RZ, (3.20)

with

U= [

2y
Mucayen (e P = yuydydu,  (321)
[0,4-00[

t * 2z ) dz
FO(x.0) — / _AE ) 4z 3.22
0 V27 Jo P 2 2z ) 232’ (3.22)

and 17 (1) = (1a * o)1) = (1)@ )P (u/a?).
Recall (¢f. (Biane et al., 2001)) that

d [ 82 & :
)y & 2 —2n*t
w0 = (ﬁt3/2 ;n e ) (3.23)
(2) Furthermore Ft()“) can be expressed as a series

+00

FA,a)=> " (=1 o (xa), (3.24)
k=0

where
7" (x.a) = F{"(x,0), (325)

AV a) = (A7) xa). (3.26)
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The convergence of (3.24) holds uniformly for (x,a)€ R, x [0,M], for any
M = 0.
(3) For yeR and a > 0, P(&, > a) has the following expansion:

e’ i A2
P(é} = a): 72(_1)/c/ ﬂ{usl}e_'l 22u)2
4 >0 (0400
X pta () o1 = u, 1/a) du dt. (3.27)

Proof. See Section 4.5. O

Using Theorem 9 (especially expression (3.20)) we prove that the two-dimensional
random variable (t;, B ) has for any # > 0 a density function 0, which follows an inte-
gral equation (3.28). As we notice in 3.1, 0, is unknown, therefore (3.28) is interesting.

As expression (3.14) shows, qﬁg’) can be written as an integral of an explicit function
of four variables (u,t,x, y) with respect to the positive measure on [Ri 20,(x, y)dudt
dx dy. However this expression is not practically useful. In particular, the asymptotic
development (3.24) of F,()") cannot be deduced from it. This justifies our choice: F,(A)
is the right parameter.

Proposition 10. Ler t > 0. The random variable (t,,B;) has a density function 0,.
Moreover 0, verifies

t
Oi(x,a) = 2 / i N0, qx70.a1(¥> D) (x — ¥)0,(,b) dy db. (3.28)
[0,+00[
Proof. Let f be the distribution of (t,B;).

Then £([0,x] x [0,a]) = FO(x, 1/a). We choose /=0 and replace a by 1/a in Eq.
(3.20), we get

1/a X
F10] x [atoeD) =1 [ a ( / u§§,3<y)f([o,x—y]x[o,l/u])dy). (3.29)

Let 1, be the positive measure 1,(dy) =1y,0;7,(y)dy, where ﬁv(y):ugz)(y)]l{wo}.
But

(f(.[0,0]) * ,)([0,x]) = /0 1P () f£([0,x — y] x [0,0])dy,

- /0 ((FG10,01) % 7)) dy.

The new relation obtained by setting v=1/a in (3.29) implies that (7, B; ) has a density
0; and

ea) = 5 [ = s,
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t
=— Ljo.v1x0.a1 (3> )G (x — ¥)0,(y, b) dbdy. U
az J1o,4oco

To end up this section, we give a direct proof of Theorem 4 suggested by the referee.

Proof of Theorem 4. Let us introduce some notations. We state

X; = B; + s, I,—Olnf X, Y, =X,—1, T,=inf{t>0:Y =a}l.

<sst

Then
P& >a)=P(T, < 1). (3.30)
Williams (1976) and Taylor (1975) have determined the Laplace transform of 7,:

ve'

Fle*/2%) = 331
[e ] vcosh va + ysinhva’ (:31)

where v = /12 + 2.

We are able to invert this expression (cf. step 1 below), i.e. to determine the
density function of 7,. Then using (3.30), we obtain the asymptotic behavior of
P&, > a), a — oo.

(1) By an easy computation we have
2velr—a 1

PV T 0= G+ e

_ va k (V 'Y) —(2k+1)va
= 2ve’ (Z( T )k+le ( )V>.

k=0

E[e=*/2T] =

Let L; be the Laguerre polynomial of order £ (Williams, 1976, p. 168). Its Laplace
transform is known (Williams, 1976, (7) p. 170):

400 -1 k
/ e~ L (x) dx = (SS/T) 5> 0.
0

This yields to

+o00
E[e~(#/27] = 2¢7 (Z(—l)" / ve—V<f+<2k+1>a>—V’Lk(2yt)dr). (332)
0

k=0

Let us recall the integral representation of K, (Watson, 1995, (15), p. 183):

1 72\ oo 1 (y422/4
Ky(2)= 3 (5) /0 e (H274) 4y

Ky and K3, are known (Watson, 1995, (12), (13) p. 80):

T, T, 1
K1/2(Z)=\/Ze, Ka/z(z)zwze <1—|—Z>.
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In particular,

I o2t 2k + a)* —x o~ CPrHEHE D)2 4
Vam Jy e |
Therefore we are able to invert (3.23): T, has a density ¢, and

2 e
q’)a(x):\/;eya x5/2 lea,k(x) 5 (333)

k=0

peP+CkEDa)

where
+oo )
Yor(x) = (—=1) / ((t + 2k 4 Da)? — x)e "' Ly(2yt)e™ "+ /2 4 (3 34)
0

(2) We say that /!(x) is uniformly equivalent to 42(x), as @ — oo, x belonging to
[0; 17, if

hy(x)
lim sup 2 =1.
a—00 (xE[OI;)l] hﬁ(x)

We write hl(x) ~ h2(x).

We then prove that

Vaolx) ~ xae @/, (3.35)
a— oo
Let 4 a = /xu in (3.34) (with k = 0):
+oo
Ya0(x) = x*2e" / (U — 1)e " Pe= Vi gy, (3.36)
a/\/x
But
(—ue "2y = (i — 1)e "2, (3.37)

then integrating by part in (3.36) we obtain
+00
Ya0(x) = x> (a e~/ 2xg=a _ Vﬁ/ ue ™ 2V du) )
’ Vx a/vE

Since u < (y/x/a)u? for any u € [a/\/x; +oo[ and x € [0;1]

2
xae ¢ /2x

1 +v/a

Eq. (3.35) follows immediately.
(3) We claim that

D Vai(x) & o). (3.38)

k=0

2
< Yu0(x) < xae™ 12

Suppose k£ =1, a > 1 and x €[0; 1].
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Then
(t+Qk+1ayY =>d*>>1>x, Vt=0.
Recall (Widder, 1941, Theorem 17a, p. 168):
|Li(x)| <e7?, xeR.

Setting ¢ + (2k + 1)a = \/xu, we obtain

+00

.
Wai(x)] < x”/ (? — e "2 du.
(2k+1)a/ /%

By (3.37) the integral can be computed explicitly:
k(X)) < 2k + l)xaef(ZkH)zaz/Zx.
Wk ()] < (
But x €]0; 1[, then
V()| < (xae™ ) ((2k + 1)e™ 2007,
Since £ > 1 and a > 1,
Wik ()] < (xae™/2)((2k + 1)e ™2 e27),

This demonstrates (3.38).

(3.39)

(3.40)

(3.41)

(4) Let us end the proof of Theorem 4. Using both (3.30), (3.33), (3.35) and (3.38)

we have

P& =>a) ~ \/Eaey“l(a),
a— 00 T

where

1
1 2 >
_ X2 ,—a”[2x
I(a)f/0 x3/2e e dx.

Let x = a*/(a* + y), we obtain

2
e ¢ /2 +00 a2 .
I(a) = — / - e AC Y eI gy,
a 0 a+y

Therefore
e— (a2
I(a) ~ 2 ———

a— o0 a2

This proves Theorem 4. [
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4. Technical proofs

This section is devoted to the proofs of Theorems 1, 9, 4, Propositions 5, 6 and
expressions (2.7), (3.17), (3.18) and (3.23).

4.1. Proof of Theorem 1

Let (X,),>1 be a sequence of r.v.’s and (S,),>0 the random walk:
So=0, S;=> X, n>1

We consider two cases:

(a) (X,) are i.i.d. centered random variables with finite second moment and ¢2 =
Var(X)).

(b) (X,) is an irreducible Markov chain taking its values in a finite subset of R. We
denote by v its invariant distribution. ¢ is the parameter defined by (2.4).

Given an integer N > 0, we consider the piecewise linear process BN)(¢)

BV (k) _ !
N av/N av/N

t — BW)(¢) is linear on each interval of the form [

(Sk — E(Sk)) = Sk, k=0,

4.1
k k1 “b
NN ]

Our approach is based on the two following results.

Theorem 11 (Billingsley, 1968, pp. 68, 166, 174). The process (B™)(t),t > 0) con-
verges in law, as N tends to +oo, to the standard linear Brownian motion (B(t),t = 0).

Theorem 12 (Skorokhod’s theorem (Ikeda and Watanabe, 1981, p. 9)). Let (S,y) be
a complete separable metric space, P and P,, n =1,2,... be probability measures
on (S,4(S)) so that P, :> P. Then, we can construct, on a probability space

(2,4,P), S-valued random varzables X, n=1,2,... and X such that

(1) P,=2%X,), n=1,2,... and P = L(X).
(2) X, converges to X almost everywhere.

Proof of Theorem 1. The proof is divided into two steps.
Recall that

Hy= max (S;—S;), k=0.

O<1<]<k

Let us introduce the linear interpolation of (Hj);so. This function (H™)(¢);¢ = 0)
depending on the parameter N is defined as follows:

HOO) = (g + (Ve = N Hgo1 = Hp)) 13 0 “2)
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(1) Relation (4.1) implies
k
Si = av/N BN <N> (4.3)

Then
Hingp=0VN  max {B(N) (j> B(N)( >}
0<i<j<[M] N

=aVN max {B(N) < ) B <l) }
0<i/N <j/N <[Ni]/N N

B™) being piecewise linear, then the maximum on {0 < i/N < j/N < [Nt]/N} is equal
to the maximum on {0 <u < v < [N¢f]/N} and

Hyg=oVN _max  {BY(0) - B(u)}.

0<u<v<[Nt]/N

Finally H™)(¢) can be written as follows:

N4y — N)(p)y — V)
HY(1) 6(0@231\0]/1\/{}; (v)—B (u)}+RN(t)>, 4.4)

Ry(t) = (Nt — [Nt BM(p) — BM)
n(t) =Nt — ])<o<u<323§,]+1w{ (v) (u)}

—  max {B“V)(u) B<N>(u)}) . (4.5)
0<u<v<[Nt]/N

(2) We apply Theorems 11 and 12 with S=%([0,T],R) and y the Wiener measure,
T being fixed. Then there exist (2, %,P), B"Y) and B such that B") converges almost
surely to B a standard Brownian motion on (£, 4, P).

Let Ry (resp. H™Y)) be the process defined by (4.5) (resp. (4.4)) where B is
replaced by BM).

But BY) and B™) have the same law, then

HM (@), 1 = 0)2HM (1), > 0).

If we prove that HY) converge a.s., then the previous identity implies the convergence
in distribution of H™).

Since the convergence of BYY) holds in the space of continuous functions, for any
tel0,T]:

B(N) B(N) as B _B
0<u<vr£1(a%t]+1)/N{ (v) - (u)} O<Izl3)f< { (v) (u)}

max  {B™M(v) — B(N)(u)} “ max {B(v) — B(u)}.

0<u<v<[Nt]/N ooO<u<v<
Moreover as 0 < Nt — [Nt] < 1, then

EN(t)NE; 0 uniformly in ¢ € [0, T].
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Hence

HM(1),0 <t < T)Na—'s> <ao<max {B(v) — B(u)}; 0<t< T> . (4.6)
We denote &(#) =maxo<u<v</ {B(v) — B(u)} =maxo<y<, {B(v) — I(v)} where I(v) =
0r<mg B(u).

Recall that Paul Lévy’s theorem (1948, Revuz and Yor, 1991, Chapter II, Theorem
2.3) gives us the following identity:

(B() — 1(v).0 > 0)2(|B,[,v >
This ends the proof of Theorem 1. [J

4.2. Proof of Proposition 5

This proof is similar to the previous one (see Section 4.1). Let H") be the piecewise
linear function defined by (4.2). Eq. (4.3) has to be replaced by

1 k ka k k
S = oyB™ (> 4N G B <> + & (VNay), 4.7
N/ = 0N v N N T N( ) 4.7)

where ay = VNE(X;) and gy = Var(X)).
Suppose ¢ > 0. Then

13/[%] = oumax | {ovBM @) +o(VNay) — ovBYV @) —u(vNay)}.  (4.8)

But v/Nay (resp. oy) tends to & (resp. ¢2), the convergence follows easily.

4.3. Proof of Proposition 6

(1) Let ¢)(a) be equal to e 7*P(&, > a). In a first step we establish the following
stochastic representation for ¢(:

2
¢(7)(a) =E {]1{7: <1} €Xp <yL%f — % T;)] . (4.9)

Let f be a Borel bounded function, we have

ELf (&) = E [f ( max {Bu o min, (B + ys)})} .

\ll\

Let us apply Girsanov’s theorem (Revuz and Yor, 1991, Chapter VIII), we get
2
Y] = ~ mi _ T
ELA(E)]=E [f (orélfi(l (Bu 02?2”3?» exp {VBH > H : (4.10)
But Levy’s theorem (Revuz and Yor, 1991, Chapter II) gives

(Bt — min B,,— min Byt > ) (d)(|Bt| L%t > 0).
0<s<t

0<s<t



18 J.-J. Daudin et al. | Stochastic Processes and their Applications 107 (2003) 1-28

Then

")
ELf(€P)] = E [f (Omagl Bs|> exp {y(an -1 - ”2}] : (4.11)

<s

Let (M,,t = 0) be the process,
3
M, = exp {y(|B, — LY — Zt} , t=0.

M is an exponential martingale since (|B,] —L%; ¢ > 0) is a Brownian motion.
We restrict ourself to f = 17, yoc[, Eq. (4.11) reduces to

2
Y
P, >a)=E [ﬂ{3;>a}exp {V(|Bl| -L) - ZH =E[1{pr>a}M1].

We have {Bf >a} = {T; <1} (recall that B} = max,<; |B,| and T} = inf{s >0,
|B/| > a}).

Let us introduce U=T;A1l. U is a bounded stopping time and {7} < 1}={U < 1}.
Then {T} < 1} € #Zy, so that we may apply the stopping time theorem:

P(éy > a) = [E[]l{Tﬂ* <1}M1] = [E[]l{T;« <1}MU]

2
—F [H{T:d}exp {y(a—l,(}:)—sz;}].
This shows (4.9).
(2) We are now able to prove (3.12). The proof is based on decomposition of

Brownian path (Vallois, 1991b, Proposition 4). Let us recall this decomposition:
For a > 0. Define

g=sup{t < T;, B,=0}.
Then

(i) T — g and (B,, 0 < u < y) are independent,
(i) T; — 927,
(iii) conditionally to LY. =t, (B,, 0 <u<g) is distributed as (B,, 0 < u < 1,) condi-

tioned by {B} < aj}.

We decompose T as the sum of g and 7 —y, (3.12) is a straightforward consequence
of (4.9). O

4.4. Second proof of Theorem 4

For simplicity Fﬁ)') will be noted F, in this section.
Let us start with a preliminary result.
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Lemma 13. Let y be the function,
. ) v
W(v) :/ e VF, (——.0)dy, v>0. (4.12)
R, 1 +v

Then

2 v
Y(v) = E \/ i1 +i(v), )| <C—

Proof. Since F;(x,0) = [E(]l{ogrlgx,}e*’tzfﬂ) and the density of 7, is well known (see
for example Borodin and Salminen, 1996),

t ?
P(T[ S dZ) = \/ﬁ €Xp (_22) ]1{220} dZ'

Then F,(x,0) may be written as

t * 2z 2\ dz
F,(x,O):E/O eXp(— 3 _2Z> ﬁ

Therefore,
o) 1 /v/(1+b) 1 _2p /+°° _(u2/2+wuﬁ)d d (4.13)
V)= —— Y ue e ‘
N 212 0
We have
= 1 + p(x):

where |p(x)| < Clx|el.
In particular e V% = 1 + p(yu\/z), ¥ = Y + 3 where

1 v/(14v) 1 o +00 25
V)= — —e 7 ue " ’“du ) dz, 4.14
l/12( ) m/(; 21/2 (A ) ( )
1 v/(14v) 1 o 400 2 \/»
V)= ——= —e 7 ue™" yuy/z)du | dz. 4.15
no=—= [ arer( plr/3)d ) (415)
Clearly
v/(14+v)
Ya(v) = ﬁ/ 1/2 e d
But 0 < 1—e#72 < J2z/2 for any z > 0, therefore
3/2
~ v v
= <C <C .
Yo(v) = \ﬁ —1 T Ja(v), (o) <1 mn v) <1 mn U)

But
lp(uy/2)| < Cl8|uv/zel*1V= < C|6|(uel®)y/z.
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By the same way

v
poi<c(i). o

Proof of Theorem 4. Let us recall the expression of d)&"') given in Eq. (3.14).

1

97 @)=~ /m . <y exp{—7y — 22u/2} 1) FO(1 — u, 1/a) dudy.
,+00

(1) Let us first prove that (,bf{’)(a) ~ pi(a), where

1 e )
pi(a)= - / Tu<ty exp {—w - 2”} Ha(OF(1 — 1,0) dudy. (4.16)
R

Recall that
—i*1,
Fy)(l —u,lja)= [E[]l{0<rl,<17u,0<3;}<a}e "/2],
so that lim,_ FY(1 — u,1/a) = E[lp<q, <1—pe " 2] = FY(1 — ,0). Since the
convergence is uniform in u, taking the limit over a gives (4.16).
(2) In this step we prove that p;(a) ~ pa(a), with

2a2 v 2202 —a*2u 2 du
/f’z(a)\/z—n/R2 P )(1*”,0)Wdy- (4.17)

We use the explicit form of u, given by Eq. (3.17), the scaling property, and (3.16)

then
1 & 5 (14 2k)? 5 (14 2k)?
)= s 3 (e ) e { e G

kez
_a Rua)
_\/271 W32
with
1+ 2k)> 1+ 2k)?
R(u,a)zz<—1+a2 Hk)) exp{—aZHI‘)}. (4.18)
kez u 2u

We split R(u,a) into two parts:

a2 —p a? —ip
Ru,a)=2— —1)e /"4 —e @/ E Br(u,a) | ,
u u

kez—{—10}

24 a 2u
_ 4 e—az/Zu + = e—a2/2u - + Z Br(u,a)

u
keZ—{—10}
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with
u 2 a2 2
Bu(u,a) = (——2 (14 2k) ) expd— (1 + 2k — )Y
a 2u

We prove that the sum, £ running over Z — {—1,0} goes to 0, as a — cc.
Ifa>1and u <1, we have

‘——2+(1+2k) \ <1427 + 1< CR,
a

2
exp {—((1 +2k)? — 1)} exp{—2k(k + 1)}.
This yields
|ﬂk(u,a)| < Ck2€—2k(k+l)'
The dominated convergence theorem implies that

Jim Y0 fuwa) =0,
k€Z—{—10}

uniformly in u.
Furthermore lim,_. ., u#/a*> = 0 uniformly with respect to u € [0, 1], then

2 2
R(u, a) ~ S

(3) Finally, we check that p,(a) ~ zme—iz/z(l/a)e_az/z'
We have

2
pa(a) = \Z/Li 1 —75 eXp {—; (C; + 2214)} (/ e_"yF;’l)(l - u,O)dy) du
R,

We set u=1/(1 4+ v), we obtain

2 2 +00 ‘ ‘
pa(a) = \/% e e~ @24 2040) /T p(v) do, (4.19)
0

Let us set u = a’v/2 in Eq. (4.19), then

4 +o0o
pz(a) — L e—a2/2 e ! —Azaz/2(a +2u) / lﬁ ( )
V 0

Lemma 13 implies that

4 2v2 1 [t
p2(a): Ee—al/z [\/g 5/ e e — 2 )2(a +2u)fdu+p3(a)] (420)
0
where

res 22 2,2y 2u
p3(a):/0 e~ a2 ) g —u /1+2u/a2¢1 <aZ) du
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The integral on the right-hand side of (4.20) converges as a goes to infinity to

+o0o
T
e 2 / e “Vudu= e 12 —{
0

We claim that |p3(u)| is upper bounded by C/a?, a — +oc.
Using the upper bound for y;, we obtain

+o00 1
lps(u)] < C (/ ue " du) -
0 a

Finally

2\/2 _epl _p
pz(a)a:m%e l/zae /2-

As P(&, > a)= eV“(l)S,;')(a), we have proved relation (3.6). [
4.5. Proof of Theorem 9

We divide the proof into two steps.
(1) Let F,(;‘) be the function defined by (3.15):

2
FP b)) = E(ljo<r, <v, o< <1y *2), x>0, b>0.
Here A and ¢ are fixed. We have
A )2 2
FO(rb) = E(ljocq e ™) = Eljocr < gy =1mpe" 7).

Let B} = u. Let us define y = inf{s <1, |Bs| = u}, g =sup{s <
inf{s > 7, By = 0}. Vallois (1991a) proved that conditionally to B; =

e g+ (t,—d), (y—g) et (d — ) are three independent random variables.

7> By
u,

(4.21)

(4.22)

:0}’d:

e g+ (1, —d) is distributed as the first time when the local time of Brownian motion

conditioned to stay in [ — u,u], reaches .

e y—g and d — y are distributed as the first time when a Bessel process of dimension
3, started at 0, reaches u. So (y —¢g)+(d —y) have same law as 7, + T, where T,

is an independent copy of T,,.

Since i, =g+ (v, —d)+(y —g) +(d —y) and P(B} <u)= e~ (cf. Remark 8),

we get

FP(x,b)=F"(x,0)

+oo e—t/u +o0 2000
*t/ 2 / E[1{c+yenye”“™21BY <
1/b 0

xe PV (y) dy du,
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=F"(x,0)
+o0o du +oo o 2
_t/ - (/ [E[1{1,+y<x,B;‘t<u}e g 11/2]6 ” }/2[15‘2)()/) dJ/> .
1 U 0

We set v = 1/u, (3.20) follows immediately since we have already established (3.15)
in the proof of Lemma 13.

(2) Let K be a positive number and Ex the set of Borel functions s defined on
R; x [0,K] such that

sup  [Y(x, y)| < + o0.

x=0,y<K

Ex is equipped with the uniform norm.
Let Yy be in Eg, x >0 and a < K. Then

sl < o [ e we - sia)

a X
(2)
<
\Dor,réggallﬁ(s,u)l/o du (/0 ,ul/u(y)dy>,

'“(12 being a density function:

|A“)1p(x,a)|<K max K|lp(s,u)|.

§20,0<u<

A" is thus a continuous linear operator from Ex to Eg.
Clearly (x,a) — F,()”)(x,O) belongs to Ex, because

0<FYx,0)< 1. (4.23)

Let us consider the series

+00

Ax,a) =Y (—Df oY (x.a) (4.24)

k=0
with
a”(x,a) = F{(x,0)
and
o Vi) = (APa)(x, ).

In order to establish the convergence in Ex, we first prove that
o k

x;%iéa‘“z ()| < ku;%i’;""’ (o < o (4.25)

We check (4.25) by induction on n.
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If n =0, obviously (4.25) holds. We suppose that (4.25) is verified for n and we
prove that (4.25) is still true, having replaced n by n + 1.
Let x > 0, 0 < y < a, using again the fact that ,uﬁz is a density function, we obtain

A < [ B 0 max )] dod
[0,+00[2 x=0

y a
</ max|lp(x,u)|du</ < max |1//(x,u1)|) du.
o x=0 0 x=0,u; <u

Therefore

max _[ADY(x, y)| < /O (x>rg)agl>c<u|w<x,ul>|) du. (4.26)

x=0,y<a

Therefore (4.25) implies

an+l
(n+ 1)

Therefore the series in (4.24) converge in Ex, A*) is a continuous operator, then

x=0,u<a n!

1 a
max  |a" D (x,u)| < —/ u" du =
0

+oo
FAa)=>" (=Dt aP(x,a), (xa)eRL.
k=0

3) Recall the expression of ) in terms of F.
P ) t
y 1 yi—
(@) = - / ery e 2FED — u, 1a) po(u) dude
V aJio ool

We are allowed to interchange the sum with respect to £ and the double integral if:

Zﬁk<+oo

k=1

with

Pr = 5/ ) ﬂ{ug1}6_W_’12”/2ua(u)tkoc§k)(1 — u,1/a)dudt.
[0,400[

. d )
It is well known that t,(:)tz/B%, then if x <1, t >0,
2
e 12,
2mt

0<odV0na) <P(r, <x)<P(r, < 1)=2P(B, > 1) <

ﬁ

Obviously (4.26) can be modified as follows:

%) < ¢
K}{rgla?;@M lp(x,y)\/o( max |lp(x,u1)|> du.

1 0<x<lLuyy<u

Reasoning by induction, we obtain

6712/2 i-
V21t k!

(k) -
0<;r5§4<a‘a’ ()] <
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Therefore

po< 2 / e (LY L&
a 27‘[ 0 a k! \/Z’

7}t t/2( ta 1)7<+OO
\f

I;ﬁk am

This implies identity (3.27). [

4.6. Proof of expression (2.7)

Recall that (B,,¢ > 0) is a standard Brownian motion, and B} = maxo<< |Bs|. The
cumulative function of Bf is known (cf. Borodin and Salminen, 1996, p.146):

P(B} <x)= / D (TR iRk g, (4.27)
™ kez

Jacobi’s theta function identity (Bellman, 1961) gives us

Z e (Yt = Z cos(2knv)e X veER, ¢ > 0. (4.28)
\F kez kez
Setting v = y/4x and t = 1/8x?, (4.28) becomes
Z — @ty P2 _ Zcos(kny/Zx)e_k /8 (4.29)
v keZ kez

Then

—(4hxty)?2 _ Z cos(kn — 7% /8x*
Z y/2x)e . (4.30)
Van = A kez

Similarly, setting v = (y + 2x)/4x and ¢ = 1/8x* in (4.28), we obtain

1
Z o~ (ke 2vp)/2 _ = Z (— 1) cos(kmy/2x)eF7/5, (4.31)
V2n x

keZ kez

Integrating in y, we obtain the cumulative distribution for B7:

. DY s
P(Bf <x)== sz+1 Qe 1)" /8" (4.32)

4.7. Proof of expression (3.17)

Let us denote by (R.(s),s = 0) a Bessel process of dimension 3 starting at x and
TS the first time where (Ry(s))s>0 reaches a(T\" = inf{t > 0; R.(1) = a}).
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We claim that 7, 50) admits p, as a density function, where

1 t
wa) = —m1 (=)

<—1 L a +t2k)2> oxp (1+2k)

1
w(t) = N Z 2

kez

(4.33)

In (Borodin and Salminen, 1996, p. 339, 2.02) we find the density function of T, éx),

for 0 <x <a:

a
P(TW e dr) = - P50y df = @D ()1 50y dt,

where

(a —x + 2ka)?

Y1) =
(1) 5

1
7Z(afx+2ka)expf
V2t i

Let us prove that Wf)”)(t) =0.
For all t > 0, we have

l]/(a)(t) — a (1 + 2k)e—(1+2k)2a2/2t
0 V2 k%

+00
a 2,2/
— E (1 4 2k)67(1+2k) a” /2t
V2nt {
k=0

+00
T Z (1 + 2(—k _ l))e—(1+2(—k—l)k)zaz/2t} ,
k=0

=0.
Then
palt) = lim o)1) = lim =(¥4(1) = ¥ ().

Differentiating term by term, we obtain

a(l) =
Ha(2) 5 %

kez

4.8. Proof of (3.18)

We make use of Poisson expression (Feller, 1966, Chapter XIX, p. 620).

> ola+ 2kb) = g Sr (T) exp(ik;w>

kez kez

a ( a(1 + 2k)2> a*(1 + 2k)?
Z -1+ — e

O

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
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with
o) = [ & fwydx.
R
We choose
t T\2
xX)= exp— = (x— =) .
=L 4 )
f is the density function of 7/2 + B,/v/t, t being a fixed number, then
() = em/zefaz/zz

We set a =0 and b=1 in (4.38), we obtain

S (—1ke = ,/%t S exp— é 2k — 17,

kez kez

We set ¢ = 4/un’:

Z( e —Pru2 \/> Z (2k — 1)2

kez kEZ

Differentiating in respect to u, we obtain (3.18). [J

4.9. Proof of expression (3.23)

We keep the notations introduced in the beginning of 4.7.

27

(4.39)

Let us recall that u(lz) is the density function of Z =T, 1(0) + T (10), T (10) being an

independent copy of T’ 1(0).
The Laplace transform of Tl(o) is well known (Kent, 1978):

V27
shv/22

Fe™1") =

So that

. 2
E(e ) = <S}:€7> .

According to Proposition 1, in Biane et al. (2001, p. 7), this is equivalent to

Ty
V2

where
P(Y<y)— Z 2 77’[’1/)/
n=>1

A straightforward computation implies (3.23). [
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